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Auray of approximation of subharmoni funtions by
logarithms of moduli of analyti ones in Chebyshev metris
Markiyan Girnyk
Abstrat
It is known that a subharmoni funtion of nite order ρ an be approximated by the logarithm
of the modulus of an entire funtion at the point z outside an exeptional set up to C log |z|. In this
artile we prove that if suh an approximation is made more preise, i. e. a onstant C dereases, then,
beginning with C = ρ/4, the size of the exeptional set enlarges substantially. Similar results are proved
for subharmoni funtions of innite order and funtions subharmoni in the unit disk. These theorems
improve and omplement a result by Yulmukhametov.
1 Introdution
The results on approximation in various metris of a funtion subharmoni in a domain Ω
by the logarithm of the modulus of an analyti funtion have numerous appliations (see, for
instane, [1-6℄) sine it is often easier to onstrut a subharmoni funtion rather than an
analyti one with desired asymptoti properties. Mainly in this onnetion, a problem arises
of approximating elements of a broader set of subharmoni funtions by elements of a smaller
set of the logarithms of moduli of analyti ones. The problem of that approximation was
investigated by a number of authors. The ase, when the Riesz measure is onentrated on
urves, is onsidered in [7-9℄. Azarin [10℄ was the rst to nd suh an approximation in the
general form in the lass of funtions subharmoni in the plane and having nite order of
growth. This approximation for arbitrary subharmoni funtions in arbitrary domains is on-
sidered in the artile by Yulmukhametov [11℄, where, in partiular, the preise approximation
in the plane C is found. The researh by Yulmukhametov is extended and developed in the
dierent diretions by a number of authors (see a survey in [6℄ and reent works [12-15℄).
We use the prinipal results and the standard notations of potential theory [16℄. Let us
reall some of them. We denote D(a, r) := {z : |z − a| < r}, C(a, r) := {z : |z − a| ≤
r}, S(a, r) := {z : |z − a| = r}, A(t, T ) := {z : t ≤ |z| ≤ T}, m2 the plane Lebesgue
measure, the letters C with indies stand for positive onstants, in parentheses we indiate
the dependene on parameters. We denote by FM the set of the subsets [1,∞) having nite
measure and the subsets L of the interval [0, 1), for whih
∫
L
(1−x)−2 dx <∞. Let u(z) be a
subharmoni funtion in the plane C or in the disk D := D(0, 1) , then µu is its Riesz measure,
B(r, u) := max{u(z) : z ∈ C(0, r)} is the maximum, n(a, r, u) := µ(C(a, r)), n(r) := n(0, r, u)
are the ounting funtions of the Riesz measure. The set of points, (β, s) -normal with respet
to a measure µ on a domain Ω, supp µ ⊂ Ω , is set by the ondition
N(β, s, µ) := {z ∈ Ω : ∀t ∈ (0, s)(µ(D(z, t)) ≤ βt)}, N(β, s, µ1, ..., µn) = ∩
j=n
j=1N(β, s, µj).
The notation a ≍ b means |a| ≤ Const|b| and |b| ≤ Const|a|. The ontent of our work is
deeply onneted with two results by Yulmukhametov, whih we ite (in somewhat modied
but equivalent formulation)[11, pp. 278-282℄.
Theorem A. Let u(z) be a subharmoni funtion of nite order ρ and a number α > ρ .
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Then there exist an entire funtion f(z), a onstant C1 = a0+a1α, a1 > 1, depending only
on α, and an exeptional set E, depending on the funtions u(z), f(z), and the number α,
suh that
|u(z)− log |f(z)|| ≤ C1(α) log |z|, z /∈ E, (1.1)
with E ⊂ ∪jD(zj , rj) and ∑
R≤|zj |<2R
rj = o(R
ρ−α), R→∞. (1.2)
Theorem B. Let an entire funtion f(z) satisfy the relation
||z| − log |f(z)|| = o(log |z|), E 6∋ z →∞. (1.3)
Then for every overing E by disks {D(zj , rj)} with uniformly bounded radii and every number
ε > 0 the inequality ∑
R≤|zj |<2R
rj ≥ R
1−ε, R > R(ε). (1.4)
holds.
The aim of our work is to improve and to make more preise theorem B and, also, to prove
similar results for subharmoni funtions of innite order and funtions subharmoni in the
unit disk. Let us formulate our results.
Theorem 1. Let a number ρ > 0 and an entire funtion f satisfy the inequality
||z|ρ − log |f(z)|| ≤ C2 log |z|, z /∈ E, (1.5)
where a set E is ontained in the union of disks {D(zj, rj)} with rj ≤ |zj |
1−ρ/2+ε,
ε > 0. Then the estimate ∑
R≤|zj |<2R
rj ≥ R
1+ρ/2−2C2−3ε, R > R(ε), (1.6)
holds.
Theorem 2. Let a subharmoni funtion u(z) be of innite order and a number ε > 0. Then
there exist an entire funtion f(z), a onstant C2(ε), and a set E suh that for all z /∈ E the
inequality
|u(z)− log |f(z)|| ≤ C3(ε) (log |z|+ logB(|z|, u)) (1.7)
holds. The exeptional set E, depending on the funtions u(z), f(z) and a number ε,is on-
tained in the union of disks D(zJ , rj), j ∈ N, with∑
R≤|zj |<R+(logB(R,u))−1
rj = o(B(R, u)
−ε), R→∞, R /∈ L ∈ FM. (1.8)
Theorem 3. Let v(R) ∈ C2[0,∞) be a onvex funtion of logR, v(R)→∞, when R→∞,
and the onditions
min{log v(k)(x) : x ∈ [R− 2/ log v(R), R + 2/ log v(R)]} ∼
∼ max{log v(k)(x) : x ∈ [R−2/ log v(R), R+2/ log v(R)]} ∼ log v(k)(R), R→∞, k = 0, 1, 2,
(1.9)
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hold. Let an entire funtion f(z) satisfy the inequality
|v(|z|)− log |f(z)|| < C4 log v(|z|), z /∈ E, (1.10)
where a set E is ontained in the union of disksD(zj, rj), j ∈ N , suh that rj < v(|zj |)
−1−ε, ε >
0. Then ∑
R≤|zj |<R+(logB(R,u))−1
rj ≥ v(R)
1/2−2C4−2ε, R > R(ε). (1.11)
Theorem 4. Let a number ρ > 0 and an analyti funtion in the disk f(z) satisfy the
inequality
||1− z|−ρ − log |f(z)|| ≤ C5 log
1
|1− z|
, z /∈ E, (1.12)
where a set E is ontained in the union of disks {D(zj, rj)}, with rj ≤ |1 − zj |
1+ρ/2, . Then
the estimate ∑
R≤|zj |<R+(1−R)/2
rj ≥ (1−R)
−ρ/2+2C5+3ε, R(ε) < R < 1, (1.13)
holds.
Theorem 5. Let a funtion u(z) be subharmoni in D and of innite order and a number
ε > 0. Then there exist a funtion f(z) analyti in D , a onstant C6(ε), and a set E suh
that for all z /∈ E the inequality
|u(z)− log |f(z)|| ≤ C6(ε) logB(|z|, u), (1.14)
holds. The exeptional set E, depending on the funtions u(z), f(z) and a number ε, is
ontained in the union of disks D(zJ , rj), j ∈ N, with∑
R≤|zj |<R+(1−R)2(logB(R,u))−1
rj = o(B(R, u)
−ε), R→ 1, R /∈ L ∈ FM. (1.15)
Theorem 6. Let v(R) ∈ C2[0, 1) be a onvex funtion of logR, v(R) → ∞, when R → 1,
and the onditions
min{log v(k)(x) : x ∈ [R− 2(1− R)2/ log v(R), R + 2(1− R)2/ log v(R)]} ∼
∼ max{log v(k)(x) : x ∈ [R− 2(1− R)2/ log v(R), R + 2(1−R)2/ log v(R)]} ∼
∼ log v(k)(R), R→ 1, k = 0, 1, 2, (1.16)
hold. Let a funtion f(z) analyti in D satisfy the inequality
|v(|z|)− log |f(z)|| < C7 log v(|z|), z /∈ E, (1.17)
and a set E is ontained in the union of disksD(zj, rj), j ∈ N , suh that rj < v(|zj|)
−1/2+ε, ε >
0. Then ∑
R≤|zj |<R+(1−R)2(logB(R,u))−1
rj ≥ v(R)
1/2−2C7−2ε, R(ε) < R < 1. (1.18)
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Let us omment these statements. Theorem 1 sharpens Theorem Â, announed by Yul-
mukhametov. The restrition from above on the radii of the overing of exeptional set in
that and other similar theorems is neessary: the disks
{D((−1)n2n−1, 2n)}n∈N over all the plane , but∑
|zj |<R
rj ≤ 2R.
Upper bound for the radii of the disks of the exeptional set overing in Theorems 1, 3, 4, 6 is
greater than or equal to the radii of the disks in Theorem A and similar theorems respetively,
and, therefore, it seems natural. If one onsiders the overing of the plane by the disks of the
form D(z, |z|1−ρ/2), with multipliity at most 3, then for that overing∑
R≤|zj |<2R
rj ≍ R
1+ρ/2,
i.e. a set E an be exeptional. It is easy to see that funtions, satisfying the onditions
of Theorems 3 and 6, exist, for instane, v(R) := expk R, v(R) := expk(1/(1 − R)), where
expk is the k-th iteration of exponent. Theorem 2 sharpens the result in [17℄. Theorems 4-6
omplement theorems of [18℄.
The ases of the plane, the disk, and the funtions of nite and innite orders are of
spei harater, beause of that we have not sueeded to represent Theorems 1, 3, 4, 6 as
the impliations of one theorem, although the proofs of them are based on the same idea .
I am thankful to R. Yulmukhametov, who informed me the idea of the unpublished proof of
Theorem B. I express my gratitude to V. Eiderman, who reommended to use the maximum in
plae of the Blumental growth funtion, and that enables us to improve the result in [17℄. The
partiipants of Lviv seminar on omplex analysis, partiularly I. Chyzhykov and O. Skaskiv
, arefully disussed the proofs and made a few useful omments, and my pleasant duty is to
notie their work thankfully.
2 Proofs of results
For the reader's onveniene we ite a few theorems used in what follows.
Theorem C. [11, c.275] Let u(z) be a funtion subharmoni in an unbounded domain Ω.
Then there exists a funtion f(z), analyti in Ω, whih for all the (β, s) normal points with
respet to the Riesz measures µu and µlog |f | satises the inequality
|u(z)− log |f(z)|| ≤
∣∣∣∣
∫
D(0,2)
log |z − ξ| dµu(ξ)
∣∣∣∣+ C8| log s|+ C9 log |z|+ βs(| log s|+ 1) + C10.
(2.1)
Constants C8, C9, C10 do not depend on the domain Ω and the funtions u(z), f(z).
Theorem D. [11, c.275] Let u(z) be a funtion subharmoni in a bounded domain Ω . Then
there exists a funtion f(z), analyti in Ω , whih for all the (β, s)-normal points with respet
to the Riesz measures µu and µlog |f | satises the inequality
|u(z)− log |f(z)|| ≤ C11| log s|+ C12| log diamΩ| + βs(| log s|+ 1) + C13. (2.2)
Constants C11, C12, C13 do not depend on the domain Ω and the funtions u(z), f(z).
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As Yulmukhametov notes, the upper bounds for the funtion log |f(z)| , obtained in The-
orems C and D , hold for the (β, s) -normal points with respet only to the measure µu.
Theorem E. [19, p.121] Let v(r) → ∞, when r → ∞, be a ontinuous nondereasing fun-
tions dened on [r0,∞) a number δ > 0. Then for all r ≥ r0 , exept, possibly, a set of nite
measure L ∈ FM , the inequality
v
(
r +
2
log v(r)
)
< v(r)1+δ (2.3)
holds.
The following theorem is easy obtained from Theorem E by the hange of variable.
Theorem F. Let v(r) → ∞, when r → 1, be a ontinuous nondereasing funtions dened
on [r0, 1) a number δ > 0 . Then for all r0 ≤ r < 1 , exept, possibly, a set L ∈ FM , the
inequality
v
(
r +
2(1− r)2
log v(r)
)
< v(r)1+δ (2.4)
holds.
At rst, we shall prove an elementary but important lemma.
Lemma 1. Let v(x) be a twie ontinuously dierentable funtion, dened on [0,∞) or on
[0, 1), and
h(x, v) := v(T )
log x− logR
log T − logR
+ v(R)
log T − log x
log T − logR
,
where numbers R, T, R < T, belong to the range of denition of the funtion v . Then for
every x ∈ [R, T ] the inequality
|h(x, v)− v(x)| ≤ C14(T − R)
2(v′((R + T )/2)/R+ max
ξ∈[R,T ]
|v′′(ξ)|)
holds.
The proof of Lemma 1. By the Taylor formula in the Lagrange form we have
v(x) = v
(
R + T
2
)
+ v′
(
R + T
2
)(
x−
R + T
2
)
+
v′′(ξ)
2
(
x−
R + T
2
)2
, (2.5)
where ξ ∈ [R, T ],
log(1 + x−R
R
)
log(1 + T−R
R
)
=
x−R
R
+O((x−R
R
)2)
T−R
R
+O((T−R
R
)2)
=
x−R +O( (x−R)
2
R
)
T −R +O( (T−R)
2
R
)
=
x−R
T − R
(1 +O((T −R)/R)),
(T − R)/R→ 0, (2.6)
log(1 + T−R
R
)− log(1 + x−R
R
)
log(1 + T−R
R
)
=
T − x
T − R
(1 + O((T −R)/R)), (T −R)/R→ 0. (2.7)
Taking into aount (2.5)-(2.7), we an write down
h(x, v)− v(x) = (v(T )− v(x))
log(1 + x−R
R
)
log(1 + T−R
R
)
+ (v(R)− v(x))
log(1 + T−R
R
)− log(1 + x−R
R
)
log(1 + T−R
R
)
=
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=(
v
(
T +R
2
)
+ v′
(
T +R
2
)(
T −
T +R
2
)
+
v′′(ξ1)
2
(
T −
T +R
2
)2
−
−v
(
T +R
2
)
− v′
(
T +R
2
)(
x−
T + R
2
)
−
v′′(ξ2)
2
(
x−
T +R
2
)2)
×
×
x− R
T −R
(1 +O((T − R)/R))+
+
(
v
(
T +R
2
)
+ v′
(
T +R
2
)(
R−
T +R
2
)
+
v′′(ξ3)
2
(
R −
T +R
2
)2
−
−v
(
T +R
2
)
− v′
(
T +R
2
)(
x−
T +R
2
)
−
v′′ (ξ4)
2
(
x−
T +R
2
)2)
×
×
T − x
T −R
(1 +O((T − R)/R)) =
= v′
(
T +R
2
)
O((T − R)2/R) +
(
v′′(ξ1)
2
−
v′′(ξ2)
2
+
v′′(ξ3)
2
−
v′′(ξ4)
2
)
O((T − R)2),
and from this the statement of Lemma 1 follows.
The proof of Theorem 1. We start from the exposition of the proof idea. We shall
rst prove that every disk of the form D(a, |a|1−ρ/2), where f(a) = 0, ontains a quite large
exeptional set. Next, it will be proved that every disk with somewhat greater radius has the
same property without demand on the enter of the disk to be zero of the funtion f . To
nish the proof, we shall put suiently many nonoverlapping disks with enlarged radius into
the annulus A(R, 2R). Comparing the areas of the annulus and the disks, we shall obtain
estimate (1.6).
Lemma 2. Let h(z, v, A) be the minimal harmoni majorant of the subharmoni funtion
v(z) := |z|ρ, where ρ > 0, in the annulus A := A(R −R1−ρ/2, R +R1−ρ/2). Then
max{h(z, v, A)− v(z) : z ∈ A(R− R1−ρ/2, R +R1−ρ/2)} ≤ C15,
where a onstant C15 does not depend on R.
The proof of Lemma 2. It is suient to onsider the dierene h(x, v, A)− v(x) , as
h(z, v, A) := v(R +R1−ρ/2)
log |z| − log(R −R1−ρ/2)
log(R +R1−ρ/2)− logR −R1−ρ/2)
+
+v(R−R1−ρ/2)
log |z| − log(R +R1−ρ/2)
log(R− R1−ρ/2)− log(R +R1−ρ/2)
is a radial symmetri funtion. We apply Lemma 1 with v(x) = xρ. Sine max{|v′(x)| : x ∈
[R − R1−ρ/2, R + R1−ρ/2]} ≍ Rρ−1, and max{|v′′(x)| : x ∈ [R − R1−ρ/2, R + R1−ρ/2]} ≍ Rρ−2,
we obtain the statement of Lemma 2 .
Lemma 3. Let the onditions of Theorem 1 hold and f(a) = 0. Then for every overing
of the intersetion of E and the disk D(a, |a|1−ρ/2) by the disks the sum of their radii is not
smaller than |a|1−ρ/2−2C2−ε.
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The proof of Lemma 3. Let us onsider the irumferenes S(a, t|a|1−ρ/2), t ∈ [1/2, 3/4]
. If all of them interset the set E, then the intersetion of E and the disk D := D(a, |a|1−ρ/2)
an be overed by disks only under the ondition that the sum of their radii is not less than
1
8
|a|1−ρ/2 : ompare the radial projetions of E and the exeptional disks on radius D . If
there exists a irumferene S := S(a, p|a|1−ρ/2), p ∈ [1/2, 3/4], whih does not interset E,
then inside this irumferene the estimate
|h(z, log |f |, D)− log |f(z)|| < (2C2 + ε) log |z|, z /∈ E, (2.8)
is true, where h(z, log |f |, D) is the minimal harmoni majorant of the subharmoni funtion
log |f | in the disk D.
Let us prove (2.8). We denote by h(z, v,D) the minimal harmoni majorant of the sub-
harmoni funtion v(z) = |z|ρ in the disk D . By the denition of the minimal harmoni
majorant and Lemma 2
0 ≤ h(z, v,D)− v(z) ≤ h(z, v, A)− v(z) ≤ C15. (2.9)
From the maximum priniple for harmoni funtions it follows that in D
|h(z, v,D)− h(z, log |f |, D)| ≤ |h(z0, v, D)− h(z0, log |f |, D)| (2.10)
is valid, where z0 ∈ S. Taking into aount the onjeture on S , we extend estimate (2.10)to
|h(z0, v, D)− h(z0, log |f |, D)| = |v(z0)− log |f(z0)|| < C2 log |z0| < (C2 + ε) log |z|. (2.11)
Statement (2.8) follows from (1.5), (2.9)-(2.11).
On the other hand, by the Poisson-Jensen formula for the funtion log |f | in the disk D
log |f(z)| = h(z, log |f |, D)−
∑
an∈D
g(z, an, D),
where g(z, an, D) is the Green funtion of the domain D having the pole at the zero an of the
funtion f ,we have
|h(z, log |f |, D)− log |f(z)|| =
∣∣∣∣∣
∑
an∈D
g(z, an, D)
∣∣∣∣∣ =
∑
an∈D
g(z, an, D).
Applying known properties of Green funtions, from this we obtain
|h(z, log |f |, D)− log |f(z)|| ≥ g(z, a,D) = log
p|a|1−ρ/2
|z − a|
. (2.12)
From (2.12) it follows that the disk D(a, |a|1−ρ/2−2C2−ε) ⊂ E. Having proved Lemmas 2 and 3,
let us extend the proof of Theorem 1. Let us onsider an arbitrary number b ∈ C and the disk
D(b, |b|1−ρ/2+ε) with ε > 0. There are two possible ases: i) the disk D(b, |b|1−ρ/2−2C2−ε) ⊂ E,
and that is all right; ii) the dierene D(b, |b|1−ρ/2−2C2−ε)\E 6= ∅, and in this ase we replae
b by any number c in the dierene. We again have the following alternative : all the
irumferenes S(c, t|c|1−ρ/2+ε), t ∈ [1/2, 3/4], interset E, or there exists a irumferene
S(c, p|c|1−ρ/2+ε), p ∈ [1/2, 3/4], whih does not interset E. In the rst ase, for every disk
overing the sum of the radii is not less than
1
8
|c|1−ρ/2+ε ≍ 1
8
|b|1−ρ/2+ε when |b| is enough
large. For the seond ase, in the disk D(c, 3
4
|b|1−ρ/2+ε) there exists a number a suh that
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f(a) = 0. Let us justify this. Let E ∩ S(c, p|c|1−ρ/2+ε) = ∅ and f has no zeros in the
disk D(c, p|c|1−ρ/2+ε), hene, log |f | is a harmoni funtion there. We an write down the
Poisson-Jensen formula
1
2pi
2pi∫
0
(log |f(c+ p|c|1−ρ/2+εeiϕ)| − |c+ p|c|1−ρ/2+εeiϕ|ρ) dϕ =
log |f(c)| − |c|1−ρ/2+ε +
p|c|1−ρ/2+ε∫
0
n(c, t, log |f |)− n(c, t, v)
t
dt. (2.13)
From the denition of the set E it follows that the right-hand side in (2.13) is O(log |c|) =
O(log |b|). On the other hand, the Riesz measure n(c, t, log |f |) = 0 for every t ∈ [0, p|c|1−ρ/2+ε].
The Riesz measure of the funtion v(z) = |z|ρ satises the relation
dµv(z) =
1
2pi
∆v dm2(z) =
1
2pi
ρ2|z|ρ−2 dm2(z),
where m2(z) is the plane Lebesgue measure. Hene, we obtain that n(c, t, v) ≍ |c|
ρ−2t2 ≍
|b|ρ−2t2, 0 ≤ t ≤ p|c|1−ρ/2+ε. Thus, the right-hand side in (2.13) has order ≍ |b|ρ−2|b|2−ρ+2ε =
|b|2ε, and it is a ontradition. Therefore, the disk D(c, 3
4
|c|1−ρ/2+ε) ontains a zero a of the
funtion f . The disk D(a, |a|1−ρ/2) ⊂ D(b, |b|1−ρ/2+ε) for suiently large |b| . Having applied
Lemma 3, we onlude that for any disk overing of the intersetion E ∩D(b, |b|1−ρ/2+ε) the
sum of their radii is not less than |b|1−ρ/2−2C2−ε.
From the omparison of the areas it follows that in the annulus A = A(R, 2R) the quantity
≍ R2/R2−ρ+2ε = Rρ−2ε of the nonoverlapping disks of the form D(b, |b|1−ρ/2+ε) an be plaed,
with every disk ontaining suh a portion of the exeptional set that for every disk overing
of it the sum of radii of those disks is not less than ≍ R1−ρ/2−2C2−ε. Beause the radii of the
disk overing E are bounded by a number ≍ R1−ρ/2+ε, and by this reason are ounted at most
nite times, with multipliity not depending on R, then the total sum of their radii is greater
than or equal to ≍ R1+ρ/2−2C2−3ε.
The proof of Theorem 2. By Theorem Ñ, under the onditions of Theorem 2 there
exists an entire funtion f , satisfying (1.7) for all the points z ∈ N(β, s, µu, µlog |f |) , where
β = B(r, u)1+ε, s = β−1.
We turn to the proof of estimate (1.8) of the size of the exeptional set E = C\N(β, s, µu, µlog |f |).
We put µ := µu + µlog |f |. Later the inequality (0 < δ < ε)
n(r, µ) < C16B(r, u)
1+δ, r /∈ L ∈ FM, (2.14)
will be proved. Under the assumption that (2.14) is true, we estimate the size of E. By the
denition of a normal point with respet to a measure, every point z ∈ E is the enter of a
disk D(z, rz) suh that µ(D(z, rz)) ≥ B(|z|, u)
1+εrz, rz ∈ (0, s).
By the overing theorem [20, ñ. 246℄ , from the overing {D(z, rz)} of the set E it is possible
to hoose at most ountable subovering {D(zj , rzj)}(in what follows we denote rj := rzj ),
of multipliity at most six with the following property:
µ(D(zj, rj)) ≥ B(|zj|, u)
1+εrj . (2.15)
We put R = r + (logB(r, u))−1 and onsider the sum∑
r<|zj|≤R
µ(D(zj, rj)) ≥ B(r, u)
1+ε
∑
r<|zj|≤R
rj . (2.16)
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Above we applied (2.15) and monotoniity of the funtion B(r, u) . Applying Theorem Å
and taking into aount the radii of the exeptional disks, we obtain
∑
r<|zj |≤R
µ(D(zj, rj)) ≤ 6µ
(
D
(
R +
1
B(r, u)1+ε
))
= 6µ
(
D
(
r +
1
logB(r, u)
+
1
B(r, u)1+ε
))
≤
≤ 6µ
(
D
(
r +
2
logB(r, u)
))
≤ 6C16B(r, u)
1+δ, r /∈ L ∈ FM. (2.17)
From (2.16 ) and (2.17) it follows (1.8). It remains to prove (2.14). From the ondition
u(z) ≤ B(|z|, u) and the Jensen formula we dedue
B(R, u) ≥
1
2pi
2pi∫
0
u(Reiϕ) dϕ ≥
R∫
r
n(t, µu)
t
dt ≥ n(r, µu) log
R
r
≥ C17
n(r, µu)
r logB(r, u)
.
Hene, by Theorem E it follows that
n(r, µu) ≤ C17B(r, u)
1+δ/2r logB(r, u) < B(r, u)1+δ, r /∈ L ∈ FM. (2.18)
From estimate (2.18) it follows (1.8), but only on the set Eu := C\N(β, s, µu). In aordane
with the remark after Theorem C, the entire funtion f(z), the existene of whih is prolaimed
in that theorem, satises the inequality
log |f(z)| ≤ u(z) + C3(ε)(logB(|z|, u) + log |z|) ≤ 2B(|z|, u), z /∈ Eu. (2.19)
From estimate (1.8) for the exeptional set Eu it follows that for eah z there exists a sirum-
ferene S(0, t), t ∈ [r, R], where r = |z|, R = r + (logB(r, u))−1, all the points of whih are
(β, s)-normal with respet to the measure µu. Applying the maximum priniple for subhar-
moni funtions and taking into aount nonderease of B(r, u), from (2.19) we obtain the
inequality
log |f(z)| ≤ 2B(R, u) + C3(ε) log |z| ≤ 2B(r, u)
1+δ/2,
whih is satised for all z but |z| = r /∈ L ∈ FM . Again, by the Jensen formula we dedue
n(r, µlog |f |) ≤ 2C17B(R, u)
1+δ/2r logB(r, u) < B(r, u)1+δ, r /∈ L ∈ FM. (2.20)
Combining (2.18) and (2.20), we ome to (2.14).
The proof of Theorem 3.
Lemma 4. Let the onditions of theorem 3 be satised and f(a) = 0. Then for eah ov-
ering of the intersetion E ∩ D(a, v(|a|)−1/2) by disks the sum of their radii is not less than
v(|a|)−2C4−1/2−ε.
The proof of Lemma 4 is similar to the proof of Lemma 3 and by this reason is omitted.
We only remark that here the properties of the funtion v(R), prolaimed in Theorem 3, are
applied.
We now onsider b ∈ C and the disk D(b, r(b)), where r(b) = v(|b|)−1/2+ε. Either all the
sirumferenes S(b, pr(b)), p ∈ [1/2, 3/4], interset E, or there exists a suh sirumferene,
whih does not interset E. In the rst ase, the intersetion E∩D(b, r(b)) is overed by disks
having the sum of radii greater than
1
8
r(b). In the seond ase, there exists a ∈ D(b, 3
4
r(b))
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suh that f(a) = 0. Let us justify this statement. We suppose that f has no zeros in the disk
D(b, pr(b)). We an write down the Poisson-Jensen formula for that disk
1
2pi
2pi∫
0
(log |f(b+ sr(b)eiϕ)| − v(|b+ sr(b)eiϕ|)) dϕ =
pr(b)∫
0
n(b, t, log |f |)− n(b, t, v)
t
dt. (2.21)
The density of the Riesz measure µv of the subharmoni funtion v(|z|) equals
1
2pi
∆v(|z|) ≥
≥ v(|z|)1−ε, z ∈ D(b, sr(b)). Therefore,
n(b, t, v) ≥ v(|b|)1−εt2. (2.22)
By the assumption that the sirumferene S(b, sr(b)) does not interset the exeptional set it
follows the left-hand side (2.21) is O(log v(|b|)), b → ∞, and from (2.22) it follows that the
right-hand side (2.21) is greater than v(|b|)2ε , i. e. we have a ontradition. Hene, the disk
D(b, sr(b)) ontains a zero a of the funtion f . The disk D(a, v(|a|)−1/2) ⊂ D(b, 3
4
r(b)) for
suiently large |b| . We onlude that for every disk overing of the set E∩D(b, r(b)) the sum
of their radii is greater than v(|a|)−2C4−1/2−ε ≥ v(|b+r(b)|)−2C4−1/2−ε ≥ (v(|b|)−2C4−1/2−ε)1+ε ≥
v(|b|)−2C4−1/2−2ε.
In the annulus A(R,R+(log v(R))−1) it is possible to put ≍ Rv(R)1−2ε/ log v(R) nonover-
lapping disks of the form D(b, r(b)) (omparison of the areas). For every of them the sum of
radii of the disks overing E is greater than v(R)−2C4−1/2−2ε (here and above we apply that
by Theorem E in the annulus A(R,R + (log v(R))−1) the relation r(b) ≍ v(R)−1/2+ε holds)
and multipliity of the overing is bounded, therefore, the total sum of radii is greater than
v(R)−2C4+1/2−4ε.
The proof of Theorem 4. We hope that the qualied reader will aept a brief exposi-
tion.
Lemma 5. Let the onditions of theorem 4 be satised and f(a) = 0. Then for eah disk
overing of the intersetion E ∩D(a, (1− |a|)1+ρ/2) the sum of their radii is not less than
(1− |a|)2C5+1+ρ/2+ε.
The proof of Lemma 5 is omitted, as it is similar to the proof of lemma 3.
Next, by applying Lemma 5, we prove that for every disk overing of the intersetion of
the set E with an arbitrary disk of the form D(b, (1 − |b|)1+ρ/2−ε) the sum of their radii is
not less than (1 − |b|)2C5+1+ρ/2+ε. By the same arguments we dedue that the total sum of
radii of the disk overing of the portion E in the annulus A(R,R+(1−R)/2) is not less than
≍ 1−R
(1−R)2+ρ−2ε
(1− R)2C5+1+ρ/2+ε = (1− R)2C5−ρ/2+3ε.
The proof of Theorem 5. We apply Theorem D, putting Ω = D, β = B(|z|, u)1+ε, s =
β−1. by Theorem D under the onditions of Theorem 5 there exists a funtion f(z) analyti
in D satisfying (1.14) for (β, s) -normal points with respet to the measures µu and µlog |f |.
We denote ν = µu + µlog |f |. In what follows the estimate
ν(r) ≤ C18B(r, u)
1+δ, r /∈ L ∈ FM. (2.23)
will be proved. Under the assumption that (2.23) is true, we estimate the size of the exep-
tional set E. By the denition of a normal point with respet to a measure, every point`
z ∈ E is the enter of the disk D(z, rz) suh that
ν(D(z, rz)) > B(|z|, u)
1+εrz, rz ∈ (0, B(|z|, u)
−1−ε). (2.24)
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By the overing theorem [19, p.246℄, from the overing {D(z, rz)} of the set E we an
hoose at most ountable subovering {D(zj, rj)}(here vj := rzj ) of multipliity less than 6.
Applying estimate (2.24), we have∑
|zj |∈[r,R]
ν(D(zj , rj)) ≥ B(r, u)
1+ε
∑
|zj |∈[r,R]
rj . (2.25)
On the other hand, as it follows from (2.23) and (2.24),∑
|zj |∈[r,R]
ν(D(zj , rj)) ≤ 6ν
(
D
(
0, R+B(r, u)−1−ε
))
=
= 6ν
(
D
(
0, r +
(1− r)2
logB(r, u)
+B(r, u)−1−ε
))
< 6ν
(
D
(
0, r +
2(1− r)2
logB(r, u)
))
< 6C18B(r, u)
1+δ.
(2.26)
Comparing (2.25) and (2.26), where we put δ = ε/2, we obtain (1.15).
It remains to prove (2.23). Without any restrition of generality, we an assume u(0) = 0,
then from the Poisson-Jensen formula it follows that
B(R, u) ≥
1
2pi
2pi∫
0
u(Reiϕ) dϕ ≥
R∫
r
n(t, µu)
t
dt ≥ n(r, µu) log
R
r
. (2.27)
From (2.27) and Theorem F we obtain that
n(r, u) log
(
1 +
(1− r)2
r logB(r, u)
)
≤ B(R, u) ≤ B(r, u)1+δ, r /∈ L ∈ FM,
and, hene, the inequality
n(r, u) ≤ B(r, u)1+δ logB(r, u)/(1− r)2 ≤ 2B(r, u)1+δ, r /∈ L ∈ FM. (2.28)
Hene, (1.15) holds on the set Eu := D \ N(β, s, µu). In aordane with the remark to
Theorems C and D , the funtion f satises the estimate from above
log |f(z)| ≤ u(z) + C6(ε) logB(|z|, u) ≤ 2B(|z|, u), z /∈ Eu. (2.29)
From (2.28) and the proof of inequalities (2.25) and (2.26), it follows that for eah point
z ∈ D there exists a sirumferene S(0, T ), T ∈ [(r + r)/2, R) , all the points of whih are
(β, s)−normal with respet to the measure µu. Then from (2.29) we obtain the inequality
log |f(z)| ≤ 2B(T, u), z ∈ S(0, T ). (2.30)
Again, by the Poisson-Jensen formula we have
T∫
r
µlog |f |(t)
t
dt ≤
1
2pi
2pi∫
0
log |f(Teiϕ)| dϕ ≤ 2B(T, u),
and from this we dedue
n(r, µlog |f |) log
T
r
≤ 2B(T, u) ≤ 2B(R, u) ≤ 2B(r, u)1+δ, r /∈ L ∈ FM,
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and, next,
n(r, µlog |f |) ≤
2B(r, u)1+δ
log
(
1 + (1−r)
2
2 logB(r,u)
) ≤ 4B(r, u)1+δ logB(r, u)(1− r)−2 ≤ 4B(r, u)1+2δ. (2.31)
Therefore, by ombining (2.31) with (2.28), inequality (2.23) is proved.
The proof of Theorem 6, like to the proof of Theorem 4, we expose briey. We apply
Lemma 6. Let the onditions of Theorem 6 be satised and f(a) = 0. Then for every
disk overing of the intersetion E ∩ D(a, v(|a|)−1/2) the sum of their radii is not less than
v(|a|)−2C7−1/2−ε.
Next, we show that for every disk overing of the intersetion of the set E with an arbitrary
diskD(b, v(|b|)−1/2+ε) the sum of the radii of the overing disks is not less than v(|b|)−2C7−1/2−ε.
In the annulus A(R,R+ (1−R)2/ log v(R))) we an arrange about (1−R)
2v(R)1−2ε
log v(R)
of nonover-
lapping disks of suh a form (omparison of the areas). In every of them the sum of
radii of the disks overing of the set E, is greater than v(R)−2C7−1/2−ε (In this plae and
above we use that by Theorem F in the annulus A(R,R + (1 − R)2/ log v(R)) the relation
r(b) ≍ v(R)−1/2+εholds) and multipliity of the overing is nite, hene, the total sum of radii
is greater than v(R)−2C7+1/2−31ε.
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